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MEAN CONVERGENCE OF
GENERALIZED WALSH-FOURIER SERIES
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ABSTRACT. Paley proved that Walsh-Fourier series converges in P
(1 < p < =). We generalize Paley’s result to Fourier series with respect to
characters of countable direct products of finite cyclic groups of arbitrary
orders.

1. Introduction. It is known that the Walsh functions are characters of the
countable direct product of groups of order 2. In this note we consider charac-
ters of Il;‘_’_.oZp » where Zpi is a cyclic group of order p;, p; = 2. Various Fourier
properties of this generalized Walsh system have been studied in [8], [7], [9],
[51, [3], [4], [2], and others. Many of these results are obtained only for the
case where sup;p; <. In fact, Price [7] showed that some basic properties no
longer hold when sup;p; = . We will show that results concerning mean con-
vergence, however, are still valid even if the orders p; are unbounded. The bounded
case was first obtained by Watari [9]. See also Gosselin [2].

The author would like to thank Richard Hunt and Charles Fefferman for
several helpful conversations.

Let {p,};5, be a sequence of integers, p; > 2. Let G = II;Z(Z, be the
direct product of cyclic groups of order p;, and u the Haar measure on G normal-
ized by u(G) = 1. Each element of G can be considered as a sequence {x;}, with
0<x,<p;. Setmy=1,m, =Mlp, k=1,2,.... We can identify G with
the unit interval (0, 1). This identification consists in associating with each {x;}
€ G, 0 <x; <p;, the point 72 ox;m;.}| € (0, 1). If we disregard the countable
set of p;-rationals, this mapping is one-one, onto and measure preserving.

We define an orthonormal system of functions {¢;} on G. For each x =
{x;} € G, let ¢, (x) = exp(2mix,/p,), k = 0, 1, ... . We enumerate the set of all
finite products of {¢,} using a scheme of Paley. We express each nonnegative
integer » as a finite sum n = Z._ ,o,,m;, with 0 < o, <p,, and define x,, =
n:=o¢:k° The functions {x,,} are the characters of G, and they form a complete
orthonormal system on G. For the case p; =2,i=0, 1, ..., G is the dyadic
group, {9, } are the Rademacher functions, and {x,} the Walsh functions.
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We consider Fourier series with respect to {x,}. LetD, = 2;';01)(,, n=
1,2,..., be the nth Dirichlet kernel. For f € L1(G),

S, @) = [ fOD, =D dp®, n=12,...,

denotes the nth partial sum of the Fourier series of f. We have the following
uniform estimates on {S,, f }.

THEOREM 1. There are absolute constants C and Cp such that, for n =
1,2,...,

() IS/, SCIfl,,  fELPG),1<p<=,

()] u{lS, f1>y} <&~Iflly, fELYG),y>0.

These results and the density of the generalized Walsh polynomials imply
the mean convergence of S, f to fin LP(G), 1 <p <o,

The constants C and C,, in the above theorem are independent of the orders
p; of the cyclic groups.

Ifp,=2,i=0,1,..., Theorem 1 is Paley’s result for the Walsh-Fourier
series [6]. On the other hand, if p, — °, S, f resembles the nth trigonometric
partial sum. Thus, when restricted to one cyclic group, Theorem 1 can be viewed
as a discrete analogue of M. Riesz’s theorem for the trigonometric Fourier series
[10, 1, p. 266].

In what follows C will denote an absolute constant, which may vary from
line to line.

2. Modified partial sums and conjugate functions. We will use the following
notation. Let {G;} be a sequence of subgroups of G defined by

k-1 [
Go=6G G=]l 0 x]12, k=12...
i=0 i=k

Then u(G,) = m,"‘l . Let f; be the o-algebra generated by the cosets of G,. On
the interval (0, 1), atoms of F are intervals of the form (jmy !, (j + l)m;l),
j=0,1,...,m — 1. We note that ¢, is measurable with respect to F; ..

It is proved in [8] that

m, if x €G,,

) D, @ =4

From (3) it follows that

0  otherwise.

=L
Smif@ =55 [ fam,

where I = x + G,.
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It is also proved in [8] that if n = T _goymy, 0 < o < py,
o ak-l
~Q
@ b= 0 £ 0w, ( L, )
k=0 j=o A

with the interpretation that Z;;"; l¢,‘ = 0 if og = 0. It is convenient to con-
sider the modified Dirichlet kernel D} defined by D) = X, D,,. From (4) we have

ag -1
—ap
®) D:k"'k -D"'k¢" < Zo ¢l> '"k+1 —D(pk"ak)mk’
I—
and
6) Dy= Y D:kmk'
k=0

Let S2f(x) = [ f(OD}(x — 1) du(t) be the nth modified partial sum. Since
Spf = X,S,(fx,), Theorem 1 is equivalent to

THEOREM 1*. There are absolute constants C and C,, such that, forn=
1,2,...,

Y] ISy Fll, < G f,, FELPG), 1 <p<w,

® ulIst1>yr <Cytifly,  FELYG) Y >0.

We will prove Theorem 1*. The following facts concerning the modified
partial sums will be needed. First of all we have, by (5) and (6),

©) Spf= Z M

with S* f=

axmy f. Moreover, it follows from (5) and (3)
that

”‘k+1f S(Pk‘“k)mk

a; —1

(10 akmkf(x) = (I)ff(t)d’kak(x - t)( > ¢/,£x - t)) du(z),

where I = x + G;. Now, for fE€ LY(G),

ap—1
ol f()( z ¢ (x-t)>du(t)

j=0
resembles the a; th partial sum of the trigonometric Fourier series of f on the
coset I. The relation between the trigonometric partial sum and conjugate func-
tion leads to our definition of the conjugate function H, f of f€ L(G). Let
x = {x;} € G. We define

11
HeF ) =3 oy Jin ey we ! OC1EC = 0)lpy) dutd),
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where I = x + G,.. Since
o ifty, =0,

ak—l
O KO X 01O = {% 8 740) - % + Big ¥ (exot(nt,p,)
j=0
= Y%icot(nt,/p,) ift, #0,
(10) implies
S2 o ) =5 [ £(@) du(e)
M ud) Yin{x; =1}
1 -, 1 K
o +30% @ op /.. e TOOO )
11
30 /. PREIOLT0

+ i %) H, (6, Xx) = iHy £ ().
(9) and (11) will be used later in the proof of Theorem 1*.

3. A decomposition lemma. For the proof of Theorem 1* we need a mod-
ified form of the Calderon-Zygmund decomposition lemma [1, p. 91]. The fol-
lowing may best be described on the interval (0, 1).

LEMMA 2. Let f belong to L*(G) and y > 0 with || f ly <y. Let {4 }i50
be a sequence of integers with 0 < oy, < p,. Then there are L functions g and
b, and a collection C = {“’i} of disjoint intervals such that

(12) f=g+0>.

(13) lgl<Cyae

(14) ligh, <ci,.

(15) C=Uk=oCx where each w; € C, is measurable with respect to
Fix+1 and is a proper subset of a coset of G.

(16) b(x)=0ifx ¢ U,-w,-.

17 fw,bdl‘ = 0 for every w; € Cand fw,b¢:kd" = 0 for every w; € Cy,
k=0,1,....

(18) fw,, Ibldu < Cf“’i |f\du for every w € C.

(19) Z;u(wp) <y lifl,.

PrRoOOF. We first construct the collection C of disjoint intervals. We divide
(0, 1) into two subintervals 7, and I;, with I}, I} € F, and p(l,) = m;'! < u(l;)
<ud,). If (l/u(ll))f,l Ifldu >y, then I, is in C. Otherwise we repeat the
above process with (0, 1) replaced by I,. We do the same with /;. Finally we
reach a stage where the subinterval 7 is an atom of F, and (1/u(/))f|fldu <y.
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We then divide 7 into subintervals I, and I, with I,, I, € F, and u(l,) - m;! <
u(l;) < p(l,), and proceed as before. In this way we obtain a collection C =
{w;} of disjoint intervals which has the properties that

(20) y<os f Ifldu<3y, «€C,
and
@n Ifx)I <y forae. x€ U ;-

i

The first inequality of (20) implies (19). Set
Co = {w; €C: w; € R},
and

k-1
Ck = {w, € C\ [go CI: (0] € Fk-l-l}’

k=1,2,.... Then {C;} satisfies (15).
Next we decompose fas f =g ¥ b, with

{f('x) ifx¢ U (0-,
g(x): J

(22) —ap )
@y; + by “(x) if x € w; € G,

where a;;, b, ; are constants chosen in such a way that

23) fwifd“ =fwj (akj + bkl'¢’:ak) du,
and
(29 f“’i fokau= | w; @y + by )8 du.

Then b = g - f automatically satisfies (16) and (17). The proof will be com-
pleted if we show
(25) lg@)l < —(_i) |fldu,  x € wj, w; €C,
for then (25) together with (20) and (21) will imply (13), (14) and (18).

To prove (25) we write B, = &, if 0 <, <p,/2 and B, = & — p, if
P2 < <py. Then = p,/2 < B, <p,/2 and g% = ¢f¥. Let o, € C;. If
w; is a coset of Gy .y, or if B = 0, then ¢, is constant in ;. In this case we
set a;; = (u(w;)) ! Jo;f du and by; = 0. (25) follows immediately.

Now suppose f; #0and w; is not a coset of Gy, ;, that is u(wmy ., >
2. Then I(u(wy))™ '}, w9k Bk ap) # l Solving (23), (24) for 4, b,; and substitut-
ing into (22) we obtain, for x € W)
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- ._l_ —ak Bk d
£ [”(wi) [l = s i s, e
1 8 —B
* o) S, o augi @

. —Bx
u(w)f et (<",-)f"’ifd’J % (x)]

- L B , |2]1
X [l |u(wl~)fw,'¢k dul]
= 1 1 Bk, .~ _ Bk
[“ (“’i)f“’i O #(w,)fwj @ () = ¢ ()

x (¢ *(x) — ¢;ﬂ"(t))du(t)du(y)]

[ lu(w,) htd I] E

Observe that for s, t € wy,
165 () — BRF()| < 127y /il Isy, = Byl
< (2ﬂlﬁkllpk)ﬂ(wj)mk+1 = 276, (e, )mk,
and
|65 (s) - gkl < 2.
Also,

| 1 8, I _ | 1 — exp(2mify u(w))m;)
u( " I-‘(wj)mk+ 1(1 - exp(21riﬁk/p,‘)) )
Therefore, for x € wj,
091 < i L, 171 mints, @y, )
(26) [1 1 — exp(2niB u(w)m;) z] -1
X I#(wj)mk+ 1(1 — exp(2miB,/py)) )

A direct calculation shows that for any integer #» = 2 and any number 8 with
-7 <60 <, we have

Q27 (0)*[1 - I(1 - €m0)n(1 - €11 < C
for n|@| < /10, and
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(28) [1-1(1 -e™%)/n(1 - )1~ < C

for n|6| = 7/10. (25) now follows immediately from (26), (27) and (28). This
concludes the proof of the lemma.

4. Proof of Theorem 1*. The case p = 2 of (7) is a consequence of Plan-
cherel’s formula. It therefore suffices to prove (8), for then (7) will follow by
the Marcinkiewicz interpolation theorem [10, II, p. 112] and a duality argument.

For the proof of (8) we note that there is nothing to prove if || fll; >y, so
we can assume || fl; <y. Decompose f as in Lemma 2. Since

p{ISEf1> y} < u{ISFel > y/2} + u{ISybl > y/2},
(8) will follow if we can show that each term on the right is bounded by Cy~ 1 o, .
Using the fact that {S*} is uniformly bounded in L2, we obtain
u{lSrel > y/2} < Cy~2lISkeli2 < Cy~2ligl? < Cy~ s,

by (13) and (14).

To estimate |S;b| we use the following notation. Let w; € Fy, ,, with
w; contained in the coset / of Gy. We consider / as a circle, and let w;' denote
the interval inside / which contains w; at its center and u(wi"‘) = 3“(""1)‘ Let
Q* = U;w. We have, by (19),

M%) <3 ; #w) <3y~ Iflly.
Therefore it suffices to prove
(29) pix & Q*: ISpbl > y[2} < Cy ISl

To do this we expand Spyb as in (9) and (11). Moreover, we observe that
for x & Q* the first three terms in (11) vanish. This can be seen as follows. Let
I=x+ G, andI' =x + G, ,. Then neither I nor /' is contained in U, ;.
For the first term in (11), we have

du(t) = bdu=0,
I e PO DO w,zcr fw, B
by (16) and (17). For the second term,

fm{xk=,,, b Odun= T fwib(t)d’:"(t)dn(t)

w iCI ;wiq‘.l'
= T | poskndue

wiCI;w,ECk j

Ay [, posictaue.

wiCI;wi(II’;wﬁCk
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If w; € Cy, then fwib¢kkdl‘ 0, by (17). If w; CIand w; & Cy, then ¢k
constant on wy, 50 wj be*du = 0 by (17). Hence Jin {xk#k}b(t)d)z"(t) du(t)
= 0. Similarly fjn(, k#k}b(t) du(t) = 0. Therefore we have

(30) b(x) = igy, “(x)H, (box*)(x) — iHb(x), x & Q*.

“k"'k

Thus, if x ¢ QF,

1S6(x)| < z 1S3 PN < T IH 08N + T 1HbE)
k=0 k=0

(29) will be proved if we can show

(€2)) ugx ¢ Q% i |H, (b))l > %i <o lif,
k=0
and
(2 uzx ¢ Q% 3 bl >;¥$ <o,
k=0

We will demonstrate (31). (32) can be proved similarly.
Suppose x ¢ Q*. Let/=x + G, andI' = x + G, ,. Then, as before,
we have

H b0 =5 wc,‘T: o [, pop e (" it ")d ®

=%L > f b(t)¢:"(t)cot( %~ )d (*)

B oicroEec, @)

Lo s b(t)¢,"‘(t) t( al )d(t)

2ul) wojc 1oyl ge,

Again, if w; C I'and w; & Cy» ¢:"(t)cot(1r(x,‘ = 1,)Ip;) is constant on w;. There-
fore the last term on the right vanishes by (17). Moreover, if w; € Cy,
Iy bk du = 0, also by (17). Consequently,

B0 =3—= T [ boweo

2u() WiChwEC, ™ “j

x E:ot(&;;;i) -cot(n( k t“))] du(t),

where ¢/ = {t[}, 5 is any fixed point in ;. Thus for any coset / of Gy,
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fznfgt H, (b, ¥ )| diu(x)

cot(ﬂ(x;k tk))

t(ﬂ( x ))
co o
A simple calculation shows that, for ¢ € wj,

() o)

11
2 B! ..
2"(1)1.0 CIwEC J“’"i f cﬂ

du(x) du(t).

1
(I) InS w

du(x)<C

S0 we obtain

 H e Hldu<C X bldu<C If1du,
Ln"n KTk w,-CI;wiECkfwi wj CI.wEC f

by (18). Therefore

plx € Q% T IH, (b0, )x) > y/4
k=0

<oy Zf b6 <y Y ¥ j Il du

k=0 wECy
=o' [ Ifldu< s,
i i
This establishes (31), and hence completes the proof of Theorem 1*.
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